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Computation of Flight Mechanics Parameters
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A new approach is presented for the computation of continuation diagrams. It differs in principle from the
usual approach of continuing the equilibrium points by considering one or more of the controls as continuation
parameters and with the other controls held � xed. The novel approach addresses the problem of � ight dynamics
from the pilot point of view by allowing all the controls to be freely determined. At the same time some of the states
are so constrained that along the continuation curve a particular pilot trim condition is maintained.

Nomenclature
f = right-hand side of aircraft rigid-body equations
frc = eighth-order subset of equations of motion

restricted to level � ight
f1; fr = eighth-order subset of equations of motion
p; q; r = aircraft body axis roll, pitch, and yaw rates
u = control vector, dimension p
VT = total aircraft velocity
X; Y; H = aircraft position with respect to Earth-� xed

inertial axes
x = state vector, dimension n
® = angle of attack
¯ = angle of sideslip
° = � ight-path angle
±e; ±a; ±r = elevator, aileron, and rudder control surface

de� ections
±p = throttle position
¸ = parameter vector
Á; µ; Ã = Euler angles orienting aircraft body axes with

respect to inertial axes

Subscript

0 = equilibrium value of the variable

I. Introduction

L INEAR control synthesis techniques rely on the linearized
equations of motion of the aircraft about equilibrium points,1

that is, points at which state derivativesare equal to zero. It is com-
mon practice to generate hundreds of such linear models during
practicaldesignof control systems for aircraftusing software tools.2

Because these linear models are expected to represent the nonlinear
aircraft dynamics in various stages of � ight, it is desirable to gen-
erate these models for different trim conditions. These trim con-
ditions correspond closely to the operational conditions (1-g level
� ight, level turn, high-g climb, turns, etc.) encountered in aircraft
� ight. Certain parameters are kept � xed, for example, � ight-path
angle, turn rate, Mach number, altitude, etc., when using standard
optimization methods to obtain the equilibrium point. In this paper
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it is shown how this computation can be performed ef� ciently by
the use of continuationmethods.

Numerical continuation methods have been used successfully
for a long time in the study of aircraft nonlinear dynamics.3¡5 In
particular, continuation methods have been used to track the equi-
librium states of aircraft into the nonlinear � ight regimes. The bi-
furcation analysis of aircraft equilibriumstates is an area of intense
interest at the present time.6¡8 A comprehensive introduction to
these methods and their application to aircraft dynamics is pre-
sented in Ref. 9. The importance of bifurcation analysis lies in its
ability to give a global picture of the stability and control charac-
teristics of the aircraft under investigation. The use of bifurcation
analysis makes it possible to append the control law designed for
the aircraft (which may be linear or nonlinear) with the open-loop
aircraft equations of motion and to study the properties such as the
stability of the combined system (aircraft and control law). This
aspect of the analysis has resulted in the use of bifurcation analysis
for the development of control design strategies for aircraft in the
nonlinearhigh-angle-of-attack regimes of � ight.10¡13 The literature
up to the present time has restricted itself to computing the equilib-
rium continuationby allowing variation in only one or two control
parameters, for example, the elevator, the aileron, or the rudder.
This is a natural outcome of the desire to analyze the stability of
the aircraft using the Lyapunovmethod (Ref. 14). If the controls are
held � xed the stability of the aircraft can be studied as a problem in
initial condition disturbances.When the controls are considered as
parameters, it is possible to study the relation between stability and
control by means of continuation.

In contrast to the method of analysis, the reality is somewhat dif-
ferent.When � ying an aircrafta pilotuses all of thecontrolspossible
to maintaina certainequilibriumcondition,for example, level � ight.
Thus, the pilot or automatic control system is concerned only with
the behavior of certain aircraft variables, seeking to maintain them
within certain limits or to cancel them by adequate control move-
ments. For example, in case the pilot intends to maintain straight
level � ight, the pilot will use all of the controls to keep the airspeed
constant, � ight path on the horizon, and wings level. A theory ac-
counting for such a situation is discussed in Chapter 4 of Ref. 14. It
is called the problem of partially controlled motions. This situation
is not captured by the current approach to the computation of the
bifurcation curves. It is more natural and appropriate for aircraft
dynamics studies to consider the variation of all controls necessary
to achieve a given type of trim. This can be achieved by combining
the ideas of Ref. 1 with the numerical continuation approach.

The remainderof this paper is organizedas follows.Section II de-
scribes the assumptionsand the aircraftmodel used for the computa-
tions.Section III describesthe usual approachadoptedin bifurcation
analysis.A typicalresultof suchanapproachis presentedin theplots
of the continuation curves. Section IV describes the new approach

324



PASHILKAR AND PRADEEP 325

along with the corresponding plots of the continuation curves. The
straight and level trim is used to motivate this. The general principle
of this new approach is also discussed. In Sec. V, other important
issues such as choiceof startingpoint for continuationand the effect
of decoupled equations on the continuation curves are discussed.

II. Analysis Assumptions and Aircraft Model
A common feature of the continuation techniques is the study of

theequilibriumpointsof thenonlinearaircraftequationsrepresented
by the smooth mapping f : Rn C p ! Rn ,

Px D f .x; u/ D 0 (1)

where f.x; u/ representsthenonlinearfunctionsin the aircraft states
x (dimension n) and control inputs u (dimension p). The state and
control vectors are given by

x D .VT ; ®; ¯; p; q; r; Á; µ; Ã; X; Y; H /; u D .±e; ±a; ±r ; ±p/

(2)

The equations of motion represented by Eq. (1) are essentially the
rigid-body equations of motion on a � at Earth specialized to � xed
wing aircraft. It is assumed that the mapping f is smooth and has as
many derivativesas the subsequentdiscussionrequires.Useful equi-
libriums are obtained by considering the � rst eight state equations:

x D .VT ; ®; ¯; p; q; r; Á; µ/; u D .±e; ±a; ±r ; ±/; ¸ D .H /

(3)

Note that the altitude H appears as a parameter on the right-hand
sides of this reduced system of equations. It is held � xed (H D H0)
during the computations unless designated as a continuation pa-
rameter. To clarify the distinction between parameters, states, and
controls, a formal de� nition of parameters is given in Sec. IV. It is
usual to study the aircraft high-angle-of-attackdynamics with the
help of the eighth-order model. The mapping f1: Rm ! Rn repre-
sents this model:

Px D f1.x; u; ¸/ D 0 (4)

where m D n C p C 1, n D 8, and p D 4. In the followingsectionswe
shall consider the eighth-ordermodel for analysis unless otherwise
stated.

The aircraft model used in the computations is the F-16 aero-
dynamic model based on global multivariate polynomials.15 This
aerodynamic database was generated from wind-tunnel tests and
is presented in Ref. 16. The representation by polynomials re-
sults in a compact and smooth functional representation for the
database. This is ideal for the continuation methods, although they
work fairly well for the tabular database. The aerodynamic model
is low-speed and high angle of attack. Therefore, compressibil-
ity effects are not accounted for in the aerodynamic database. A
suitable engine model was also provided along with the aerody-
namic data description of the aircraft. The engine � ames out at
high angles of attack unless special provisions are made. In the
high-angle-of-attack analysis, it is quite usual to neglect the en-
gine dynamics altogether and set the thrust value to zero in the
equations of motion. In this work, the engine model is used where
appropriate.

The continuation software used for calculation of the equilib-
rium curves in the following sections is based on an Euler–Newton
type predictor–corrector algorithm.17 The predictor is based on an
ordinary differential equation (ODE) solver, whereas the corrector
converges iteratively in a direction perpendicular to the computed
tangent of the continuation curve. A relative tolerance of 10¡3 was
used for step size controlof the ODE solver,whereas a valueof 10¡4

was used as the absolute tolerance for convergenceof the corrector.
The tangent computation is based on the QR decomposition algo-
rithm with Givens rotations (Ref. 17). A condition number estimate
of the Jacobian of the mapping was also computed and monitored
in case the algorithm encountered dif� culty. The algorithm did en-
counter dif� culties at high angles of attack and when the equations
become singular, for example, when pitch attitude approaches 90
deg. A pseudoarc length parameterization was used for the contin-

uation. Bifurcations were detected by a change of orientation. The
algorithm jumped over these simple bifurcations. No attempt was
made to compute the transverse branches.

III. Continuation Technique
A starting point is needed for computation of the continuation

curve. To obtain such a starting point, the usual method is to � x
all controls (elevator, aileron, rudder, and throttle) and parame-
ters (altitude) in Eq. (4) to suitable values. The resulting map is
f1ju D ue0;¸ D ¸0: Rn ! Rn . Standardoptimizationmethods can be used
for obtaining a � xed point of such a map. Let the equilibrium point
so obtained be labeled as .xe0; ue0; ¸0/, then

f1.xe0; ue0; ¸0/ D 0 (5)

where the control and the parameter vectors have the equilibrium
values

ue0 D .±e0; ±a0; ±r 0; ±p0/; ¸0 D .H0/ (6)

In most of the existing literature, continuation is carried out with
respect to either one parameter or two parameters at a time. In the
one-parameter case, any three of the control variables are � xed,
for example, the aileron, rudder, and throttle are � xed at the val-
ues ±a0; ±r0 , and ±p0, respectively, and the remaining control, the
elevator ±e , is allowed to vary. The altitude H , which appears as a
parameter in the equations,is held � xed (H D H0). This gives a map
fr : Rn C 1 ! Rn:

fr .VT ; ®; ¯; p; q; r; Á; µ; ±e/

D f1.x; u; ¸/j±a D ±a0;±r D ±r0 ;±p D ±p0 ;H D H0 D 0 (7)

This function can be continued provided certain smoothness and
rank conditions are satis� ed.17 The curve obtained by computing
a solution branch of Eq. (7) beginning with an initial trim � ight
condition is shown in Fig. 1. This computation was obtained for a
zero throttle and ¡2:5-deg elevator setting. The aileron and rudder
were set to zero.

A lot of useful informationcan be obtainedby the study of Fig. 1.
In particular, it is possible to compute the stability regions of initial
conditiondisturbancesfor these equilibriumpoints and, thus, deter-
mine the region in joint state and control space where the system is
stable.There is, however, a problemin interpretingFig. 1. The initial
point .xe0; ue0; ¸0/, marked with an asterisk in Fig. 1, appears to be
a straight level � ight trim. This point actually has nonzero pitch an-
gle. However, along the curve this trim condition is not maintained
because the � ight-path angle is not constant (see pitch attitude and
angle of attack).

It is possible to start the continuation from a point that is a trim
state in the sense of Ref. 1, but there is no reason to expect that the
other points obtained on the curve will also represent a particular
type of equilibrium. Note that the continuation curve generated in
Fig. 1 is perfectly valid, but dif� cult to interpret in terms of our
conventional understanding of trimmed � ight. A more appropriate
continuationwould be that of the straight level � ight trim condition.
This is also a natural setting for obtainingthe linearmodels required
for thedesignof thecontrollaws in theoperational� ight regime. It is
typical of a pilot to maintain a given type of trim (level � ight, steady
turn, steadyclimb, etc.) by manipulatingall availablecontrolsrather
than � x one or more of the controls at a given setting. A different
approachis neededforperformingsuchcomputations.Theproposed
new approach is discussed in the next section.

IV. New Approach
It is instructive to compare Eq. (4) with the function given by

Eq. (7). The altitude H is considered as a parameter in both cases.
The function f has 8 C 4 C 1 independentvariables,whereas fr has
8 C 1. The latter is obtained from the former by simply � xing the
remainingindependentvariables.If some othersuitableindependent
variables (out of the 8 C 4 C 1) are held � xed, it may be possible
to generate another function, which can be continued in a manner
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Fig. 1 Continuation diagram for the mapping fr .

similar to fr . For example, straight and level � ight is a trim point of
Eq. (4) with the additional constraints

VT D V0.D const/; r D 0; Á D 0

µ D ® C tan¡1

³
sin ° = cos¯p

1 ¡ .sin ° = cos¯/2

´
; H D H0.D const/

(8)

where ° is the � ight-path angle with the horizon. It is clear from
Eq. (8) that for level � ight the four states, VT ; r; Á, and µ , are de-
termined in terms of the other states, ® and ¯ , and the parameters
H0; V0 , and ° . If we further require that the � ight be at a constant
altitude (straight level � ight), then the parameter ° is a constant
(D0), and the last equation reduces to µ D ®.

Table 1 Details of the mapping fr
a

State Free variables
equations for trim,b states x Constraints

PVT VT ±a D ±a0
P® ® ±r D ±r0
P̄ ¯ ± p D ±p0
Pp p H D H0
Pq q ——
Pr r ——
PÁ Á ——
Pµ µ ——

aParameters ¸ for continuation are ±e.
bThere are no controls u.

Table 2 Details of the mapping frc
a

State Free variables for trim
equations States x Controls u Constraints

PVT —— ±e ——
P® ® ±a ——
P̄ ¯ ±r ——
Pp p ±p H D H0
Pq q —— ——
Pr —— —— r D 0
PÁ —— —— Á D 0
Pµ —— —— µ D ®

aParameters ¸ for continuation are VT .

A differentfunction frc can be de� ned in a manner similar to fr by
allowing the set .VT ; ®; ¯; p; q; ±e; ±a ; ±r ; ±p/ of 8 C 1 independent
variablesto be free. The remainingthreestates,r; Á, and µ are forced
to satisfy the constraints in Eq. (8) with ° at a � xed value (typically
° D 0). Note that the parameter VT is treated as the continuation
parameter here. Then we have the map frc : Rn C 1 ! Rn :

frc.VT ; ®; ¯; p; q; ±e; ±a; ±r ; ±p/

D f1.x; u; ¸/jr D 0;Á D 0;µ D ®;H D H0 D 0 (9)

The continuationcurveof this new function frc has thepropertythat,
along it, the straight level � ight conditionis also satis� ed. This is the
desired continuationcurve for straight and level � ight. It remains to
choose a method of obtaining a suitable starting point for the com-
putationof this curve. The straight level trim de� ned in Ref. 1, from
where the constraint equations(8) were obtained, is the appropriate
method to use. This is achievedby � xing the total velocity in Eq. (9)
to obtain a map f1jr D 0;Á D 0;µ D ®;H D H0 ;VT D V0 : Rn ! Rn .

To make the differencebetween the two functions fr and frc clear,
Tables 1 and 2 are provided, respectively. Tables 1 and 2 list the
equations, the state and control variables, and the parameters for
the respective functions.The continuationcurve of the mapping frc

is de� ned under same smoothness and rank conditions required for
continuationof the mapping fr (Ref. 17).

Figure 2 shows the continuation curve obtained by this method.
A comparison with Fig. 1 indicates many important differences.
The angular rates, sideslip angle, and bank angle are practically
zero throughoutthe angles-of-attackrange.The lowest thrust setting
required to hold straight level � ight at this altitude (sea level) can
be read off directly (point A in Fig. 2) as 5-deg power lever angle
(which is close to � ight idle for this aircraft). This corresponds to
about a 4-deg angle of attack. An interesting feature of the curve
generatedfrom frc is that the staticstabilityof theaircraftcanbe seen
immediately from the plot of angle of attack against the elevator.
Because this aircraft is stable (static margin D 5% chord), the slope
of this plot is negative.Other useful informationthat can be obtained
is the controllabilityof the aircraft at high angles of attack.18

It is possible to apply this idea for trim types other than straight
level � ight.1 The general idea proposed is as follows:

1) Choose a suitable subset of the rigid-body equations, for ex-
ample, f1.x; u; ¸/. Here ¸ is a set of parameters, which appear on
the right-hand sides of f1 , but are not the states or control vari-
ables of this chosen subset. They are to be held � xed unless used
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Fig. 2 Continuation diagram for the mapping frc.

for continuationlater, for example, the eighth-orderset of equations
discussed in Sec. II.

2) Choose a particulartypeof trim fromRef. 1. This means choos-
ing theappropriatetrim constraintequationsc.x; ¸/ D 0. Theremust
be exactly as many constraint equations as the number of controls,
that is, dim[c.x; ¸/]D p. Here ¸ is now the set of parameters that
is � xed for that trim as per Ref. 1 plus those held � xed in step 1.
For example, for the level � ight case chosen in this section, Eqs. (8)
representthe constraints,whereas the altitude, total velocity,and the
� ight-pathangle ° are the parameters. If ° D 0, we have the straight
and level � ight case.

3) Choose a particular parameter from the set ¸, for example, ¸1,
as the continuation parameter. Then we have ¸ D f¸1; ¸2g, where
¸2 represent the remaining parameters. Fix all of the remaining
parameters, for example, ¸2 D ¸20. The map f1.x; u; ¸/ constrained
by c.x; ¸1; ¸20/ D 0 de� nes another mapping f1jc.x;¸1 ;¸20/ D 0 D frc

such that frc : Rn C 1 ! Rn . For example, in the straight and level
� ight case, the altitude and � ight-path angle ° correspond to
the � xed parameters, and the total velocity is the continuation
parameter.

4) Obtain a starting point .xe0; ue0/ of frc by � rst � xing the con-
tinuation parameter ¸1 at a value for example, ¸10, that is, solve
for .x; u/ given frc.x; u; ¸10; ¸20/ D 0. This is a mapping, which is
Rn ! Rn; hence,standardoptimizationmethodscan beused for this
purpose.For example, any pointwhere straight level � ightcondition
is satis� ed can be used as a starting point.

5) Continue the solution .xe0; ue0; ¸1/ in the state, control, and
parameter space. Note that the constraining equation c in this dis-
cussion is applied only on the states and not on the controls. To
make the discussion clear, a de� nition of parameters is now given.

De� nition: The set of parameters ¸ consists of all of those quan-
tities appearing on the right-hand side of the system of equa-
tions considered for analysis (represented by the set of func-
tions f1), which have to be � xed to a nonzero real number to
make the mapping f1: Rm ! Rn , .m ¸ n/ into a restricted mapping
f1j¸ D const: Rn ! Rn .

V. Discussion and Comparison
Between the Two Methods

Let us examine the function f1: Rm ! Rn , given by Eq. (4). In
this case, m D 8 C 4 C 1 and n D 8. The set of nonlinear equations
given by

f1.x; u; ¸/ D 0 (10)

is underdetermined. In Sec. III and in the preceding discussion,
only 8 C 1 out of the 8 C 4 C 1 independent variables were allowed
to vary. The result of continuation was a one-dimensional mani-
fold, that is, a curve. If all of the 8 C 4 C 1 independent variables
are allowed to vary, we shall have a manifold de� ned by Eq. (10)
of dimension � ve. Then the continuation curves generated by fr

and frc are particular but different sections of this � ve-dimensional
manifold. An example of such a computation is seen in Ref. 19 for
the Alpha-Jet. From the interpretationpoint of view, it seems easier
to understand the curve generated by frc as opposed to fr .

The linear models required for the control law design can be
simply obtainedby generatingthe appropriate� rst derivativesalong
the curve frc . Thus, the linear model is obtained as

Px D Ax C Bu

where

A D @f1

@x
; B D @f1

@u
are the system and input matrices, respectively.Note that although
the nominal trim point is along frc, the derivatives are taken on the
unconstrained function f1.

In many conditions, the aircraft equations can be decoupled into
longitudinaland lateral modes. Then the longitudinalstate and con-
trol variables .VT ; ®; q; µ; ±e; ±p/ affect the longitudinal equations
flon : R6 ! R4 alone,whereas the lateral/directionalstate and control
variables .¯; p; r; Á; ±a ; ±r / affect the lateral/directional equations
flat: R6 ! R4. The altitudeis a parameterthat is � xed for the analysis
(H D H0 ). It is possible to write Eq. (10) in decoupled form as

f1.x; u; ¸/jH D H0 D
µ

flon.VT ; ®; q; µ; ±e; ±p/

flat.¯; p; r; Á; ±a; ±r /

¶
D 0 (11)

In the low-angle-of-attackregions, the equations of motion are well
representedby Eq. (11). Consider the effect of usingcontinuationon
the correspondingfunctions fr [Eq. (7)] and frc [Eq. (9)]. In the � rst
case, the aileron, rudder, and throttle .±a ; ±r ; and ±p ) are held � xed,
and the elevator ±e is treated as the continuation parameter. In the
second case, roll rate, bank angle, and pitch attitude,r; Á; and µ , are
� xed, and all of the controls are free. Clearly, the two methods will
result in different continuation curves even for this case. Figure 3
shows a comparison of between the results obtained by the two
different methods outlined in Secs. III and IV. This clearly shows
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Fig. 3 Comparison between the result of Figs. 1 and 2 (——, fr , and
- - - -, frc).

that differencesexist even at low anglesof attack. In the longitudinal
variables, this difference arises due to the variation of speed and
throttle. However, the differences can be quite small in the primary
longitudinal variables ®; ¯; p; q; and r due to weak dependenceof
the equationson the total velocity.Also, it is expectedthat the lateral
equationswill be generallysatis� ed in an approximatemanner if all
of the lateral states and controls are close to zero, due to symmetry
considerations.This has led many analysts20 to remove the PVT (total
velocity rate) equation altogether and consider the reduced system
for analysis.

Another aspect of these two curves is worth some consideration.
The problem of continuation of a mapping g: Rn C 1 ! Rn de� nes
an initial value problem17 given by

g0.!/ P! D 0; !.0/ D .xe1; ue1; ¸1/ (12)

where xe1; ue1; and ¸1 correspond to the initial values of those state
variables, controls, and the parameter (out of the total set of states,
controls, and parameters) that are allowed to vary along the con-
tinuation curve generated by g. The term g0.!/ in Eq. (12) repre-

Fig. 4 Comparison between continuation diagrams of fr (——) and
frc (- - - -) with same initial condition *.

sents the Jacobian of the mapping with respect to all of these free
variables, and P! D d!=ds (with k P!k D 1) is the unit tangent to the
continuation curve. In light of this, note the results of continuation
of the two curves fr and frc from the same initial point. In Fig. 3,
the two curves were generated using different initial starting val-
ues for the two different continuation curves. The strategy used to
obtain a starting value for continuation of the map fr is distinctly
different from that used for the map frc. Note the effect of using a
straight and level starting value (as used for frc ) in the continuation
computations of fr . It is obvious that any point on frc can be used
as a starting point for fr , although the converse is not true. This
does not imply that all points on frc also lie on fr . The results of
starting from the same initial conditionare shown in Fig. 4. Again it
is seen that the primary longitudinal variables are quite similar for
both methods. However, differences exist in the pitch attitude.

VI. Conclusions
A novel approachhas been presentedfor the computationof con-

tinuation diagrams, which differs considerably from the conven-
tional control � xed approach. The advantages of the new approach
are as follows:
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1) The trims can be de� ned in the conventional way in terms of
constraints on the state variables, for example, straight level � ight,
level turning � ight, and so on.

2) The continuationcurvesdirectlygive open-loopcontrollability
information for a particular trim. In other words it is possible to
obtain directly the region in state and control space in which a
particulartrim can be sustained(open loop) with the existingcontrol
surfaceauthority.This canbe used in thedesignphaseof a planform.

3) The approach is directly useful for the generation of linear
models for control design. It considerablysimpli� es the generation
and study of such models.

4) The longitudinalstatic stability characteristicsof the planform
can be seen immediately from the plot of the trim angle of attack
against the elevator de� ection.

There are certaindrawbacksinherent in the proposedmethod.Be-
cause only the trim points are being computed, it is not possible to
obtain the curves in regions where a conventional trimmed � ight is
not possible. For example, as seen in the paper, it is not meaningful
to exceed any of the limits imposed by the thrust and aerodynamic
control surfaces when continuing the straight and level � ight trim.
In contrast, in the conventionalapproach where one control surface
is variedat a time, it is possibleto continueextreme � ight conditions
such as spin into the low-angle-of-attack region without violating
the constraintson thecontrols.Also by rigidlyconstrainingthe equi-
librium curve to one type of equilibrium, for example, level � ight,
information about other nearby equilibriums is lost. It is suggested
that the two approaches be used in a complementary fashion. The
conventional approach can be used at extreme � ight conditions,
while the novel approachcan be used within the boundsof trimmed
� ight. A judicious combination of the two approaches can yield
improved understandingof the aircraft planform under analysis.
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